ABSTRACT In this paper, a methodology to design a hexa-rotor with the capability to reject disturbances using tilted propellers is presented. The methodology proposes the use of a robustness index as a measurement of the capability to reject external disturbances. Moreover, an energy index is proposed as a measurement of the energy consumed by the hexa-rotor in hovering. It is shown that the robustness index is opposed to this energy index. Therefore, a multi-objective optimization problem is proposed in which the objective functions are the robustness index and the energy index. This problem is solved with the help of an evolutionary algorithm with a Pareto approach. Three solutions are selected from the Pareto front and tested with a proposed controller in order to show the feasibility of the methodology. Finally, the design that has a better tradeoff between the two objectives is simulated with Gaussian noise and with the maximum disturbance that is capable of rejecting.
I. INTRODUCTION
In the recent years, the Unmanned Aerial Vehicles (UAV's) applications with multirotors have been widely increased for two main reasons, the easiness of construction and their relatively inexpensive components, [1] . In a standard multirotor all the rotors are oriented in the same direction, generating forces along the vertical axis, along with moments about roll, pitch and yaw axes. This configuration leads to an underactuated design, i.e. it has six degrees of freedom and four control inputs, independently of the number of the actuators. This configuration is well known because of its lack of robustness. However, this has not been a problem for people who work with them, control laws that deal with this underactuated nature have been developed and tested successfully in reallife applications, [2] .
The standard configuration besides being simple it is also efficient in terms of energy since most of the time the multirotor is hovering, the propellers pointing vertically is an efficient configuration. Nevertheless, this advantage is bad for multirotor robustness since it is not possible to produced any force in the x − y plane to mitigate forces. In order to reject such disturbances, attitude changes are needed, leading to losing the position and/or attitude and eventually becoming unstable.
Applications in which it is extremely important that the multirotor maintains its position precisely in a range of environmental conditions have grown in the last decades, such as, inspections, close-range spraying or aerial manipulation, [3] - [5] . However, perturbations due to turbulent wind or external forces/torques in physical interaction tasks, have to be compensated by the multirotor. Hence, in order to overcome these problems, some controllers have been developed [6] - [8] , however, they are limited by the performance of the motors and their controllers; multirotor moment of inertia, and other factors.
Therefore in this paper, we proposed a methodology to design a hexa-rotor with disturbance rejection capability based on the principle of tilting rotors. Multirotors with tilted rotors are capable of producing forces in the x − y plane without needing a change in their attitude. This configuration has been studied in the last years, for instance, designs that are able to actively tilt their propellers [9] , [10] and designs in which the propellers orientation is fixed, [11] - [13] . In the first case, the design leads to a waste of energy since it requires extra motors and extra mechanisms resulting in extra weight. In the fixed-tilted case, the design process has been relaxed since mathematical programming techniques have been used, i.e. parametrized the six propellers with only two angles instead of twelve, using one objective at the time, i.e. minimizing the control effort or maximizing the manipulability index. Hence, in this paper, we solve a multiobjective optimization problem with the help of evolutionary algorithms, parameterizing each propeller orientation with two angles and considering two objectives.
The main contributions of the paper are the following: a) We proposed a robustness index based on the radius of the maximum ball inside of the set of attainable forces and torques; b) We show that the robustness index proposed is opposed to the energy consumption in hovering; c) We propose a multi-objective problem to design a fully-actuated hexa-rotor having as design variables the twelve angles, two angles for each propeller; and d) We solve the problem with a Pareto approach and with the help of an evolutionary algorithm.
The paper is organized as follows, in Section II, some definitions are given that will help to understand better the robustness index proposed; in Section III the description of the n-motors multirotor is given; in Section IV, the robust index proposed is described together with the statement and solution of an optimization problem to maximize it; in Section V, the multi-objective problem is proposed and solved, and the description of the evolutionary algorithm used is given; in Section VI, simulations of three different designs are presented; in Section VII, the discussion of the results are presented giving some guidelines to rate the overall performance of the designs; finally the conclusions are given.
II. DEFINITIONS
Some definitions that will help to understand the proposed robustness index are given.
Definition 1: A half-space in R n is a set of the form
where a ∈ R n , b ∈ R, ||a|| > 0. Definition 2: A convex set 
where
A Chebyshev ball of a polytope P = {x ∈ R n | Px ≤ p} with P ∈ R n p ×n , p ∈ R n p , corresponds to the largest radius ball in R n such that B(x c , r) ⊂ P.
III. DESCRIPTION OF THE SYSTEM
The dynamics of an n-rotor can be described by the following matrix equation,
where n is the number of rotors; m is the multirotor mass; J is the multirotor moment of inertia; p is the multirotor position w.r.t. inertial frame; ω is the velocity about roll, pitch and yaw w.r.t. the body frame; g is the gravity acceleration; R r is the rotation matrix that maps from the body frame to the inertial frame;ẑ is defined asẑ = [0, 0, 1] T ; and u is the control input vector. In this work we are interested in designing a hexa-rotor i.e. n = 6. In Figure 1 , the hexa-rotor with tilted propellers is shown. 
ALLOCATION MATRIX F
Matrix F is the allocation matrix of the total wrench applied to the multirotor; matrices F 1 and F 2 are the force and moment matrices, respectively. Matrix F 1 ∈ R 3×n is conformed of unit vectors v i ∈ R 3×1 that define the orientation of the propeller i, ||v i || = k f , where k f is the coefficient that relates VOLUME 6, 2018 the spinning velocity with the thrust. Matrix F 2 ∈ R 3×n is conformed of vectors w i ∈ R 3×1 that define the sum of the torque due to thrust and the torque due to drag moment, i.e.
where r i is the position vector of propeller i to the center of gravity of the vehicle; k m is a coefficient that relates the spinning velocity with the torque produced around the rotation axis, and σ i is the direction of rotation σ i ∈ {−1, 1}. To compensate the torque (drag moment) of each propeller the value of σ i is defined as
On the other hand, matrix F 1 conformed of vectors v i can be parametrized by using two angles that will describe the propeller orientation. These two angles α i and β i are shown in Figure 2 . This last will reduce the number of variables to be found by the optimization algorithm. Furthermore, in this work, we consider a couple of angles for each propeller of the hexa-rotor. A more detailed description of these angles can be found in [12] and [14] . 
IV. ROBUSTNESS INDEX
In order to design a hexa-rotor with the capability of disturbance rejection, we translate the robustness as the ball of radius r inside of the set of admissible forces and torques due to the saturation of the actuators centered in hovering. This ball represents the control authority over the hexa-rotor, and hence the capability to reject disturbances, the bigger the ball, the higher the robustness.
The set of admissible forces and torques can be represented in terms of the saturated inputs u i,lb ≤ u i ≤ u i,ub . The control input u defined in Section III is a polytope, Definition 2, and its H-representation is the following,
where C U ∈ R m×n , m = 2n since all the actuators are saturated, and C U = I n×n −I n×n T .
Since the total wrench W = Fu is the image of U trough the linear transformation F, it turns out that W is also a polytope [15] , and its H-representation is the following,
where C W ∈ R m×n , m = 2n. Thus for finding the maximum ball inscribed into W we refer to the Chebyshev ball, Definition 4. If F is no singular then C W = C U F −1 and b w = b u , otherwise W is empty.
The Chebyshev ball will be centered in w * that corresponds to the virtual inputs (desired forces and torques), i.e. u = F −1 w * = F −1 0, 0, mg, 0, 0, 0 T in case of hovering.
The maximum ball of radius r can be found by solving the following LP problem, [16] ,
However, this LP problem considers that the polytope W is already defined. Therefore, the values of this polytope have to be found by the algorithm in order to find the maximum ball of radius r inscribed in the polytope. Problem (4) can be rewritten considering the propellers angles α i and β i , as follows:
One way to solve problem (5) could be by solving many LP problems (4) with different combinations of angles α i and β i , and finding which combination gives the maximum value of r. This method will lead to calculate at least 4.7383 × 10 30 possible combinations with 0.5 deg of accuracy in the interval (−π/2, π/2), if the six propellers are parametrized with only two angles instead of twelve, the number of combinations will be reduced to 1.2960 × 10 5 possible combinations, with the same accuracy.
Therefore, to solve problem (5), we resort to optimal stochastic algorithms, such as evolutionary algorithms. These algorithms characterize because they do not need any gradient or Hessian information. One of the most famous EA is the Genetic Algorithm (GA). However, GA might present local minima problem [17] , [18] , so, further studies using a different approach have been developed, such as Differential Evolution (DE) algorithm proposed in [19] as a continuous unconstrained single-objective optimization algorithm. A substantial number of papers have been produced since, showing its good performance as well as the number of objective function evaluations, [20] , [21] .
A. SINGLE-OBJECTIVE DIFFERENTIAL EVOLUTION ALGORITHM
The basic principle of DE algorithm relies on the design of a simple mutation operator based on the linear combination of three different individuals and on a crossover step that mixes the initial and the mutated solutions. The algorithm was designed for unconstrained problems, however, a constraint manager can be used, for instance, Deb rules [22] or stochastic ranking [23] . In Algorithm 1 the single-objective DE Algorithm 1 Single-Objective Differential Evolution
) and in each constraint, ∀k = 1, . . . , NP. ; 4 for G = 1 to G Max do 5 for i = 1 to NP do 6 Select randomly r 1 = r 2 = r 3 from the current population; 7 j rand = randint(1, X ); algorithm using Deb rules as constraints manager is shown. The nomenclature is the following: NP is the number of individuals in the population; X is the number of design variables; CR is the crossover probability; F is the mutation factor; G Max is the maximum number of generations.
B. RESULTS MAXIMUM ROBUSTNESS INDEX
Problem (5) was solved using DE algorithm and Deb rules as constraint manager. The algorithm parameters used are shown in Table 1 together with the physical properties of the platform obtained from a CAD model. The problem was solved in hovering, and vector of the desired forces/torques was the following w * = 0, 0, mg, 0, 0, 0 T . After solving problem (5), the maximum robustness index found by the algorithm was r * = 4.4981, and the α i and β i of each propeller found by the algorithm are gathered in Table 2 . The hexa-rotor configuration is shown in Figure 4 . Despite the ball of attainable forces and torques belongs to a six-dimensional space, we can find the maximum ball of attainable forces in a three-dimensional space, this maximum ball can be found by solving an LP problem similar to (4) but in a three-dimensional space. The last is possible since matrix F is non-singular, therefore, forces and torques are independent. The maximum ball of the attainable forces centered in hovering is shown in Figure 3 , the ball is inside of the polytope generated by the actuators.
C. ENERGY EFFICIENCY
However, the propellers configuration in Table 2 is not energy efficient. From aerodynamics, it is known that the required power to drive the propeller is proportional to the cube of its spinning speed, i.e. P ≈ ω 3 , [24] . Hence, it can be said that if the propeller velocity is minimized, the power required by the propeller will also be minimized; this can be seen also from the drag, that it is the motor load and constitutes a power dissipation element. The drag is proportional to the square of the velocity Q ≈ ω 2 , therefore, if the velocity is minimized, the drag will be minimized.
In order to show the energy consumption of the hexa-rotor in hover mode we propose the following energy index,
A comparison of the energy index can be made to show the energy efficiency between the tilted hexa-rotor found by the algorithm and a standard hexa-rotor. The propellers of a standard hexa-rotor are coplanar and collinear, this is the most efficient configuration in terms of energy for hovering. However, such configuration is not capable of producing thrust in x − y plane, in other words, the ball radius of attainable forces/torques and therefore, the robustness index VOLUME 6, 2018 is theoretically zero (it can be different from zero due to imperfections in the propellers attachments). On the other hand, the configuration found by the algorithm wastes ≈ 26 % more energy to hover. It is clear that the two aspects, i.e. the robust index and the energy index proposed are opposed. Hence, a multi-objective problem arises, in which the energy index J e can be considered as the second objective.
V. MULTI-OBJECTIVE OPTIMAL PROBLEM
To solve a multi-objective problem, there are some approaches to find the better trade-off between two or more objectives. For instance, by using a weighted cost function, i.e. F = α 1 f 1 + α 2 f 2 where α 1 , α 2 > 0. However, this approach transforms the multi-objective problem into a single-objective problem which is not desirable because the solution will depend on the weight values, this means that each combination of weights will lead to one optimal solution instead of a set of optimal solutions. Therefore, a different approach will be used in this work, based on non-dominated solutions along the Pareto front. This approach allows to find as many solutions as the algorithm is capable of finding, and from which the design engineer can choose from according to the application requirements.
A. OPTIMIZATION PROBLEM
The problem of finding the maximum ball radius and the minimum energy index can be considered as a multi-objective problem because both objectives are opposed as it was shown in the previous section, i.e. if the robustness index r increases, the energy index J e increases and vice-versa. Therefore, the multi-objective problem that considers both objectives can be stated as,
where is a vector that contains the objective functions, i.e.
= r, J e T . Notice that the first objective r is to be maximized and the second objective J e is to be minimized. This optimization problem can be solved with a multiobjective version of the DE algorithm presented in Algorithm 1, the aim is to find a set of optimal solutions that hold the Pareto optimality leading to a Pareto front in which a solution that fits better with the requirements can be selected and analyzed. These requirements are the robustness index and the energy index. Hence, to solve problem (7), we resort to the multi-objective algorithm based on DE.
B. MULTI-OBJECTIVE EVOLUTIONARY ALGORITHM
Problem (7) can be solved with a multi-objective algorithm based on DE algorithm presented in Section IV-A. However, some changes have to be done in order to handle both objectives with their constraints. Unlike using the criteria to select the fittest solution between parent and offspring in traditional DE; in multi-objective optimization, the algorithm is looking for non-dominated solutions. However, since the problem (7) has constraints, the following non-dominated rules are used to find solutions along the Pareto front,
• Between two feasible solutions, the one that dominates the other wins.
• If one solution is feasible and the other one is infeasible, the feasible individual wins.
• If both solutions are infeasible, the one with the lower sum of constraint violation wins.
• If the two solutions are feasible and non-dominated, the first wins if rand(0, 1) > C e , otherwise, the second wins. Select randomly r 1 = r 2 = r 3 from the EM; 
25
Update EM G with ND G and verify non-dominance. ;
end
We took the DE algorithm presented in [19] using the nondominated rules and the crowding operator from [25] , also we promote elitism by implementing the External Memory (EM) proposed in [26] . This EM promotes elitism if a certain number of generations is reached, determined by the crowding factor C cr . If the number of generations is reached, the algorithm will choose only those individuals that belong to this population (that actually is the Pareto front, since all the individuals are non-dominated) sorted by their crowding distance, by doing this, elitism allows finding solutions to fill the empty spaces along the Pareto front, the EM has to have at least three individuals to promote elitism. The algorithm used for solving the multi-objective problem is shown in Algorithm 2.
C. DESIGN RESULTS
Problem (7) was solved using multi-objective DE algorithm and non-dominated rules to handle the constraints. The algorithm parameters used are shown in Table 4 together with the physical properties of the platform. The problem was solved in hovering, and the vector of the desired forces/torques was the following w * = 0, 0, mg, 0, 0, 0 T . VOLUME 6, 2018 Pareto front of the solutions found by the algorithm is shown in Figure 5 . The design engineer can select from this front the solution that better fits with the design goal. To analyze the front we can arrange the solutions in ascending/descending regardless of whether we choose the first or second objective. This arrangement is shown in a simplified manner in Table 5 . Table 5 can be divided into three regions from which three solutions can be taken equidistantly in order to analyze the designs, this method will allow choosing solutions that satisfy the following: the first one satisfies better the first objective but not the second; the second one is in the middle of the front (better trade-off), and the last one satisfies better the second objective but not the first.
The solutions selected from the Pareto front will be tested in order to verify the disturbance rejection capability and the energy consumption as well. Notice that the tilted propellers allow decoupling the translational and the rotational dynamics, as it is shown in [10] and [12] . Therefore, the solutions are capable of tracking a desired trajectory both in position and attitude independently. The propeller configuration of the three solutions are shown in Figure 6 . In Table 3 , the propeller configurations for each solution are gathered. Noticed, that β i angles are close to zero values in contrast with the β i values found by solving problem (5), this is mainly due to the second objective in which the energy index minimization is considered to find the optimal designs.
VI. SIMULATIONS RESULTS
The three selected solutions will be tested in simulations to examine the response against disturbances and to compute the energy index over time. The hexa-rotor is driven to a desired position (x r , y r , z r ) in horizontal position (φ r = 0, θ r = 0, ψ r = 0) and then while hovering an external force with components in x − y − z in inertial coordinates is exerted in the center of mass (CoM) of the hexa-rotor.
In theory, the controller is capable of compensating almost any disturbance as long as the control input is unbounded. However, this is not the case, the control inputs are saturated, hence, the capability of disturbance rejection is highly dependent on the propellers configuration as it will be shown in the following.
The controller used in this simulations is a Feedback Linearization with a PID controller. The PID controller is defined as follows,
where matrices K p , K d , K i ∈ R 6×6 are diagonal matrices with proper proportional, derivative and integral gains, respectively; the errors in translation and orientation are defined as follows, [27] ,
e p = ė pos e ω = ṗ −ṗ r ω − R T r R dωr (10) VOLUME 6, 2018 where p r is the desired position; R d is the desired rotation matrix;( .) is the hat operator; ω r = R T dṘ d . The control allocation strategy is simple since the matrix F is full rank, the control allocation is made by just inverting it as follows,
The external disturbances are applied to the CoM with components in the three axes F x ext , F y ext , F z ext , as it is shown in Figure 7 .
On the other hand, since we are interested in the energy consumption we defined the dynamic energy index as follows,
After carrying out the simulations with the three solutions selected from the Pareto front, the results are shown in Figures 8, 9 and 10. 
VII. DISCUSSION
The three solutions chosen from the Pareto front are optimal in the Pareto sense, and the three are capable of rejecting the disturbances, as it can be seen from Figs. 8, 9 and 10. However, we can discuss the overall performance with the following guidelines: a) The maximum values of the control inputs; b) The possible saturation of the control inputs for rejecting a disturbance; c) The tracking error in position and attitude; d) The dynamic energy index.
a) The maximum values of the control inputs: Solutions i and iii show the highest values at the third disturbance, however, the upper bound is not reached. These high values could be a problem due to the thrust saturation. On the other hand, the highest values of solution ii are lower than 70 Hz.
b) The possible saturation of the control inputs for rejecting a disturbance: Solution iii is the only design that saturates its inputs at the lower bound at the third disturbance, this leads to a loss in position and attitude as it can be seen in Figure 10. c) The tracking error in position and attitude: Due to the lower robustness index, solution iii is not capable of rejecting the disturbances without losing its position and attitude. On the other hand, solution i and ii are capable of keeping their pose.
d) The dynamic energy index: Among the three solutions, solution iii was the one with the lowest value of the dynamic energy index. However, it can be noticed that this value is not very different from the one of the solution ii. The average value of the control inputs can give an insight of the energy consumption, solution i has an average around 62 Hz, solution ii has an average around 52 Hz and solution iii has an average around 48 Hz.
Among the three solutions, solution ii is the one that has the better trade-off between the two objectives according to the guidelines proposed. In order to show its response against disturbances, a simulation using the maximum perturbation applied to the hexa-rotor before becoming unstable was carried out. Furthermore, Gaussian noise was added to the measurements to have more realistic simulations, see Fig. 11 .
VIII. CONCLUSIONS
A methodology to design a hexa-rotor capable of rejecting external disturbances was proposed. The use of tilted propellers allows having lateral forces that constitute an advantage over the standard hexa-rotors to mitigate external disturbances. We proposed two design indexes, the robustness index based on the radius of the maximum ball inscribed in the polytope of attainable forces and torques, and the energy index based on the control effort. These two indexes are shown to be opposed, hence, a multi-objective approach was adopted to solve the problem and to find the design that better trades-off with the two indexes. After solving the multiobjective problem with the help of an evolutionary algorithm, three solutions were taken to be analyzed in simulations. Some insights about the overall performance of the three design are given. Finally, we arrived at a design that has the better trade-off between the two indexes, this design was tested with the addition of Gaussian noise in the measurements and with the maximum allowable disturbance in order to show the feasibility of the methodology proposed and the design found. EMMANUEL ALEJANDRO MERCHÁN-CRUZ received the B.Eng. degree in industrial robotics engineering and the M.Sc. degree in mechanical engineering, specializing in robotics, from the Instituto Politécnico Nacional, Mexico, in1998 and 2000, respectively, and the Ph.D. degree from The University of Sheffield, Sheffield, U.K., in 2005, after carrying out research on trajectory planning for multirobot manipulator systems. He is currently a Professor and an Academic Secretariat with the Instituto Politécnico Nacional, Mexico City. His main research interests are automatic systems, robotics, biomechanics, and process optimization. He is a member of the National System of Researchers of Mexico.
